Abstract. We study the parametrized complexity of the knot (and link) polynomials known as Jones polynomials, Kau man polynomials and Hom y-polynomials. It is known that computing these polynomials is ]P hard in general. We look for parameters of the combinatorial presentation of knots and links which make the computation of these polynomials to be xed parameter tractable, i.e. to be in FPT. If the link is explicitly presented as a closed braid, the number of its strands is known to be such a parameter. In a generalization thereof, if the link is explicitly presented as a combination of compositions and rotations of k-tangles the link is called k-algebraic, and its algebraicity k is such a parameter. The previously known proofs that for this parameter the link polynomials are in FPT uses the so called skein-modules, and is algebraic in its nature. Furthermore, it is not clear how to nd such an algebraic presentation from a given link diagram. We look at the treewidth of two combinatorial presentation of links: the crossing diagram and its shading, a signed graph. We show that the treewidth of these two presentations and the algebraicity of links are all linearly related to each other. Furthermore, we characterize the kalgebraic links using the pathwidth of the crossing diagram. Using this, we can apply algorithms for testing xed treewidth to nd k-algebraic presentations in polynomial time. From this we can conclude that also treewidth and pathwidth are parameters of link diagrams for which the knot polynomials are FPT. For the Kau man and Jones polynomials (but not for the Homlfy polynomials) we get also a di erent proof for FPT via the corresponding result for signed Tutte polynomials.
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1 Introduction A link L of n components is a subset of R 3 consisting of n disjoint piecewise linear simple closed curves. A knot is a connected link. Two links L 1 and L 2 are equivalent if there exists an orientation preserving homeomorphism h : R 3 ! R 3 such that h(L 1 ) = L 2 . The unknot is a link equivalent to S 1 on the plane. A projection of a link L on R 2 where at most two points of the link are mapped on the same point and the set of such points is isolated gives as a picture a plane graph D(L), the crossing diagram. Clearly many crossing diagrams represent equivalent links. We denote by Diag(L) the set of crossing diagrams for L. The fundamental problem of knot theory consist of the following:
LINK The rst polynomial link invariants were studied by J.W. Alexander in 1928 and generalized by J. Conway in 1970. These Alexander-Conway polynomials do not distinguish even the unknot, but are still useful, especially as they are computable in time polynomial in n from a given crossing diagram with n crossings. More powerful polynomial link invariants were introduced by V.F.R. Jones in 1984, followed immediately by generalizations due to a group of authors known under the acronym HOMFLY-PT 1 , and in 1987 due to L.H. Kau man in 1987. These polynomial link invariants are known as Jones polynomial, Hom ypolynomial, Kau man bracket, and Kau man polynomial. The Jones polynomial can be obtained from both the Kau man bracket and the HOMFLY-polynomial by simple substitutions. It is known that computing (even evaluating) all these polynomials is ]P hard in general, cf Wel93]. These polynomials still do not distinguish equivalent crossing diagrams, and it is open whether they distinguish the unknot. But they have proven extremely useful, e.g in solving Tait's conjecture from around 1880 concerning the minimal crossing number of a link represented by an alternating crossing diagram, Bol99]. They also have found important applications in physics, chemistry and biology, cf. Kau91, Kau95a, Kau95b] .
We study the parametrized complexity of these polynomials in the sense of DF99]. We look for parameters of the combinatorial presentation of knots and links which make the computation of these polynomials to be xed parameter tractable (FPT), i.e. computable in polynomial time c k n d , where d does not depend on n nor on k.
Our motivation stems from a result due to J. Mighton Mig99] . He considered a di erent graphical presentation of a link L as a signed graph S(L), and showed that if S is alternating and of treewidth at most 2, then the Jones polynomial can be computed from S in polynomial time. In Mak00] this was extended to (non necessarly alternating) signed presentations S(L) of treewidth at most k. It is rather straight forward that for links in braid presentation with at most k strands, i.e. as k-braids, the corresponding crossing diagram has treewidth (even pathwidth) at most k + 1, as they are subgraphs of (n; k)-grids. H.R. Morton MS90] has shown how to compute the Jones polynomials for links in k-braid presentation in polynomial time using heavy algebraic machinery such as Hecke algebras and the Ocneanu trace.
However, there are crossing diagrams of treewidth 2 which come from braids over arbitrary number of strands. A generalization of k-braids are the k-algebraic links introduced by Przytycki Prz] . We shall give the precise de nition in section 3. Using a modi ed de nition of pathwidth with two parameters, we can characterize the k-algebraic links as follows. The paper is now organized as follows. In section 2 we discuss the treewidth of link diagrams and prove the basic properties. In section 3 we recall basic facts on braids and discuss k-algebraic links and prove theorem 3. In section we discuss the advantages and disadvantages of the various parameters for which the computation of the various polynomial link invariants are in FPT. As D is a plane graph, we can color its faces with two colors, black and white, such that no neighboring faces have the same color and such that the outer face is white. This coloring is unique. Given D with such a face-coloring we de ne a graph (D) as follows: The vertices of (D) are the black faces and two faces are connected by a edge signed + (?) if they share a + (?) crossing. 
Graphs from links
We put Sign(L) = f (D) : D 2 Diag(L)g. Sign(L) is
Treewidth and pathwidth of diagrams
There are various equivalent de nitions of the treewidth of a graph, as partial k-trees, as having k-tree decompositions, or as inductively de ned classes of kvertex-colored graphs. We need for our proofs the euivalence of two of these de nitions. General background on treewidth may be found in Die96].
Tree decompositions De nition 1. An (m; k)-tree decomposition of G is given as follows:
(i) We have a rooted tree T = hT; fi, where T is a set and f is a function mapping nodes onto their father.
(ii) The vertex set V (G) of the graph covered by sets A t , with t 2 T and jA t j m. If we add unary predicates (labels) to G, the notion of treewidth does not change. Therefore the treewidth of a crossing diagram is just the treewidth of its underlying graph. Also the treewidth of an edge colored graph is, by de nition, the same as its treewidth without the coloring. Lemma 2. Let C be a signed graph of degree at most d and tree (path) width at most k. Then ?1 (C) has tree (path) width at most d(k + 1) ? 1.
Proof. We start with a k-tree decomposition of the underlying graph of C. We de ne a tree decomposotion of the underlying graph of ?1 (C). The tree of the decomposition is the same, but V t is replaced by W t which contains, for each v 2 V t the d medians sitting on the d edges leaving v. We have to show that this is a (d(k + 1) ? 1)-tree decomposition.
Each V t has at most k + 1 vertices, which are replaced by d vertices each. Hence we have at most d(k+1) vertices in each W t , and hence treewidth at most d(K + 1) ? 1. Now assume, for some edge e = (v 1 ; v 2 ) 2 E(C) both v 1 ; v 2 2 V t .
Then all the medians on edges leaving v 1 or v 2 are in W t and all the new edges in E( ?1 (C)) connected to the median on e have endpoints in W t . Finally, let w 2 V ( ?1 (C)) and let W(w) = ft : w 2 W t g. We Proof. Look at the coloring of the faces of D. If a black face f has m 4 black neighboring faces, we can perform a Reidemeister move of type II such that f is cut into three parts f 1 , f 2 and f 3 and such that f 1 and f2 have both < m neighboring black faces, and f 2 is colored white. Repeating this trick we get the result.
Q:E:D:
Theorem 4. Let 
Treewidth and pathwidth of a link
We have used the treewidth as a parameter of diagrams representing knots and links. We can de ne the treewidth (pathwidth) of a link L as the the minimal treewidth (pathwidth) among all crossing diagrams C 2 Diag(L). Analoguously, there is also a corresponding notion of s-treewidth and s-pathwidth via shading diagrams.
But the pathwidth of a knot or link has its own interest, as it it asks what is the narrowest carpet which can be made out of the given link. Very little is known about how to nd crossing or shading diagrams of a given link which are of minimal treewidth or pathwidth. It is not even clear whether there are links of arbitrarily large treewidth or pathwidth.
Recall that the crossing number of a link L as the the minimal number of vertices among all crossing diagrams C 2 Diag(L). It is not even clear whether the treewidth of a link is realized in a diagram of minimal crossing number. In short, studying the treewidth of links may still prove to be an interesting challenge.
3 Braids and k-algebraic links There method is algebraic and involved, and the constants depend exponentially on the number of strands. They conjecture in MS90], and seem to con rm it in MT90,MW], that the same method also works for Kau man brackets.
Theorem 9 (Morton et. al.) . BRAID-KAUF is in FPT.
But here is a proof for BRAID-KAUF using treewidth. From the de nition of tree decompositions one sees easily the following lemma.
Lemma 4. A crossing diagram D which is the closure of k-braid has a 2k-tree decomposition , and therefore treewidth at most k. Hence we have, using theorem 1 Corollary 2. BRAID-KAUF is in FPT.
Algebraic presentation of links
A generalization of braids are tangles. We follow MT90,PT01] or Mur96]. On the sphere S 2 place 2n points. An (n; n)-tangle (n-tangle for short) T is formed by attaching n curves to these points, none of which should intersect each other. We think of n-tangles also in their projection onto R 2 , hence as a crossing diagram.
A simple k-tangle is a k-tangle with atmost one crossing and the endpoints of the strands numbered cyclically f1; : : : ; k; k+1; : : : ; 2kg. k-tangles are obtained from Proof. We show how to build a crossing diagram C 2 Diag(L) which is in TW(k + 1). The simple k-tangles are made into a graph consisting of k + 1 edges on 2k + 1 vertices, including the only crossing vertex. We color the 2k vertices from the endpoints with 2k colors, leaving one color as a spare color for recoloring. For juxtaposition of two k-tangles we use a disjoint union and appropriate Fuse i operations. For rotation of the labels of the endpoints we use recolorings making use of the spare color. This shows that we have treewidth at most (2k + 1; k).
To see that we can also get pathwidth 2k + 1 we observe that we use always disjoint unions of two graphs coming from k-tangles which act like concatenation.
The complexity is easily checked. Q:E:D:
Theorem 12. Let C 2 Diag(L) be a crossing diagram of L of pathwidth (2k + 1; k). Then one can nd in polynomial time in the size of C a k-algebraic expression T 2 Alg k (L) which represents L. Proof. Using the path decomposition of C, we construct T 2 Alg k (L) inductively. For a path decomposition of length 1 we have 2k + 1 vertices which form a crossing diagram. Without loss of generality we can assume that it has no loops, so it can be presented, using theorem 7, as a k-braid, which is k-algebraic. Assume we have a path decomposition of length n 2. Then we can cut it into two pieces P 1 and P 2 where an even number m k of vertices are identi ed between the two parts. We obtain from P 1 and P 2 two crossing diagrams C 1 2 Diag(L 1 ) and C 2 2 Diag(L 2 ) by choosing in each of them a closure along those m points. By the induction hypothesis there are k-tangles T 1 and T 2 such that their closures (at the given m end points, and whatever remains) are in Alg k (L 1 ) (respectively Alg k (L 2 )). By joining T 1 and T 2 at those m end points appropriately, we get T, such that its closure is in Alg k (L).
Again, the complexity is easily checked. 
Conclusion
We have discussed the parametrized complexity of the link polynomials known as HOMFLY polynomials and Kau man brackets (and their specialization, the Jones polynomial). We considered the computation of these polynomials from three presentations of links: as crossing diagrams, as shading diagrams of crossing diagrams, and as algebraic terms representing compositions of k-tangels. We have shown that the pathwidth of both presentations and the algebraicity are linearly related, and conversion can be computed in polynomial time.
The following remain open: 
